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1. Introduction 

For heterotic string compactified on T^, there exists a remarkable formula that gives 
the exact degeneracies of the dyonic quarter BPS states in the four-dimensional theory 
[|I], D, 1^, ^ ^ . A similar formula has been proposed also for Type-II string compactified 
on T« 

The spectrum of dyons encapsulates valuable information about the nonperturba- 
tive structure of the theory. Moreover, when the charge of the dyon is large, it gravitates 
to form a black hole. The logarithm of the degeneracies can then be compared with 
the Bekenstein-Hawking-Wald entropy. In favorable situations, one can hope to make 
exact comparisons between macroscopic and microscopic degeneracies beyond leading 
order as was done for the electric states 0, |lT| |l3l in an appropriate ensemble 



14 



It is therefore of considerable interest to see if one can obtain a similar exact formula 
for counting dyons in more general compactifications. An interesting class of models 



where the computations are tractable are the CHL orbifolds |[15| , p!6| of the heterotic 
string that result in A/" = 4 models in four dimensions with gauge groups of reduced 
rank. Toroidally compactified heterotic string results in a gauge group of rank 28. A 
CHL compactification is obtained by orbifolding the heterotic string compactified on 
xS''"xS''"bya Z^r symmetry generated by aTi/^r, where a is an order N symmetry 
of the internal CFT of the heterotic string compactified on T'*, and Ti/^r is an order 
N translation along the circle S"*^. The internal symmetry a has a nontrivial action 
on the gauge bosons and hence some combinations of bosons are projected out in the 
orbifold theory. Because of the order N shift that accompanies a, the twisted sectors 
are massive and no additional gauge bosons arise in the twisted sector. The resulting 
theory then has gauge group with a rank smaller than 28. Using string-string duality, 
this heterotic compactification is dual to an orbifold of Type-II on K3 x S"*^ x S"*^ by 
a Zjv symmetry generated by aTi/^r, where a is an order symmetry in the internal 
CFT of the K3. 

The S-duality group of a CHL orbifold is a congruence subgroup ri(A^) of the 
SL{2,Z) S-duality symmetry of the original toroidally compactified heterotic string 
theory. As a result, the dyonic degeneracies are expected to display interesting differ- 
ences for various orbifolds. Recently a formula for the exact dyonic degeneracies for 



CHL orbifold was proposed [|T3 for the cases A^ = 2, 3, 5, 7 generalizing the work of 



||T|. Let us summarize this proposal. For a Z^r orbifold, the dyonic degeneracies are 
encapsulated by a Siegel modular forms $fc(f2) of level A^ and index as a function of 
period matrices of a genus two Riemann surface^. We denote each case by the pair 
(A^, k). The index k is related to the level A^ by the relation 

24 , , 

k = 2. 1.1 

A^+ 1 ^ ^ 

The original example of toroidally compactified heterotic string is included in this list 
as a special case (1, 10). To obtain the dyonic degeneracy, Jatkar and Sen define $fc(^) 
related to $fc(^^) by an S'P(2,Z) transformations with a Fourier expansion 



$,(fi) NK 

m>-l,n>-l/N 



J2 e'"'('"''+""+P'')^(m,n,p), (1.2) 



where K is an appropriate constant and = ( _ ) . Consider now a dyonic state 



with a charge vector Q = {Qe,Qm) which is a doublet of the S'L(2,M). Here Qe and 
Qm are the electric and magnetic charges that transform as vectors of the T-duality 



^Definitions of various quantities mentioned here in the introduction are given in §^ and 
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symmetry 0{r — 6, 6; Z) for a rank r CHL compactification with r = 2k + A. The Ql, 
Q"^, and Qe ■ Qm be the T-duahty invariant combinations^. The degeneracy of dyons 
d{Q) is then given in terms of the Fourier coefficients by 

d{Q)=9{lQLlQlQe-Qm). (1.3) 

The degeneracy d{Q) obtained this way satisfies three nontrivial physical consis- 



tency checks IjT^l- It is manifestly invariant under the S-duality group ri(A^), it agrees 
with the Bekenstein-Hawking-Wald entropy of the corresponding black holes to leading 
and the first subleading order |jl|, 0], and finally it is integral as expected for an object 
that counts the number of states. 

The task of understanding the dyon spectrum is then reduced to understanding 
the physics contained in the Siegel modular forms $^(^2). In the best understood case 
(1, 10), the modular form $io(fi) is the well-known Igusa cusp form which is the unique 
cusp form of weight 10. In the original proposal of Dijkgraaf, Verlinde, Verlinde |]l|, 
the relation of this modular form to the counting of dyons was conjectured based on 
various consistency checks and a heuristic derivation of the properties of NS5-brane 
worldvolume theory [Q, 0. This conjecture used in an essential way the perturbative 
string computations in |T^ of threshold corrections of heterotic string on K3 x where 



the Igusa cusp form naturally appears. In pO[, the Igusa form made its appearance in 



an apparently unrelated context in connection with the elliptic genus of the symmetric 
product of K3, which counts the bound states comprising the D1-D5-P black hole in 



five dimensions ||21|. A new perspective on the dyon counting formula and a definitive 
connection between the 4d and 5d formulae was provided in using the 4d-5d lift of 
||22|| . It related the 4d dyonic degeneracies to 5d degeneracies of the D1-D5-P black holes 
computed by the elliptic genus of the symmetric product of K3 providing a physical 
re-derivation of the dyon counting formula. 

Our objective is to obtain a similar physical derivation of the spectrum of dyons 
in CHL compactifications. Towards this end, we outline in §0 a general procedure for 
deriving the modular forms using a generalization of Borcherds lift which we call 
'Multiplicative Lift'. This lift results in a a Siegel modular form of level N and weight k 
of Gq{N) in a product representation, starting with a weak Jacobi form of weight zero 
and index one of ro(A^). The resulting formula suggests a physical interpretation using 



^The T-duality group of the CHL model is actually a subgroup of 0(r — 6, 6; R) symmetry that we 
have used here. The degeneracy formula proposed in therefore is likely to be valid for a restricted 
class of dyons. In general, the degeneracy can also depend on more subtle invariants of the arithmetic 
subgroup that cannot be written as invariants of the continuous Lie group as is in the case of electric 
states. 
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the idea of 4d-5d lift proposed in ||2^, |] . With this interpretation, the modular form $fc 
that counts dyons in four dimensions is naturally related to a quantity that counts the 
bound states of D1-D5-P in five dimensions. In §| we illustrate this general procedure 
for the special case (2,6) and the Siegel modular form $6. We discuss various aspects 
of our physical interpretation using 4d-5d lift in and obtain as a byproduct the exact 
degeneracies of spinning black holes in CHL compactifications to five dimensions. 

One of the mysterious aspects of the counting formula is the appearance of the genus 
two modular group. A physical explanation for this phenomenon was proposed in 0] 
by relating the dyon degeneracies to string webs. Lifting the string webs to Euclidean 
M-theory 5-branes wrapping on K3 naturally results in a genus-two Riemann surface 
using the fact that M5-brane on K3 is the fundamental heterotic string. We offer a 
similar interpretation of our results in We show using factorization that the product 
formula for $6 has a natural representation as a chiral, genus-two partition function of 
the left-moving heterotic string. 

Details of the construction of the modular forms $fc for the remaining pairs (A^, k) 
using multiplicative lift will be presented in a forthcoming publication along with a 
more complete discussion of the physical interpretation outlined in this note |2c 



2. Siegel Modular Forms of Level N 

Let us recall some relevant facts about Siegel modular forms. Let fl be the period 
matrix of a genus two Riemann surface. It is given by a (2 x 2) symmetric matrix with 
complex entries 

(2.1) 



u a 



satisfying 



Im(p) > 0, Im(a) > 0, Im(p) lm{a) > Im(i^)^ (2.2 



and parametrizes the 'Siegel upper half plane' in the the space of (p, z/, a). There is a 
natural symplectic action on the period matrix by the group Sp{2, Z) as follows. We 
write an element g of 5*^(2, Z) as a (4 x 4) matrix in a block-diagonal form as 



A B 
C D 



(2.3) 



where A, B, C, D are all (2 x 2) matrices with integer entries. They satisfy 

AB'^ = BA^, CD^ = DC^, AD^ - BC^ = I , (2.4) 
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-/ 
/ 



so that g^Jg = J where J = 
period matrix is then given by 

Q {AQ + B){CQ + D)-\ 



is the symplectic form. The action of g on the 



(2.5) 



The 5^(2, Z) group is generated by the following three types of (4 x 4) matrices with 
integer entries 



gi{a,b,c,d) = 



92 
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ad — be = 1, 



(2.6) 



We are interested in a subgroup by Gi{N) of Sp{2,Z) generated by the matrices in 
(|2.6|) with the additional restriction 



c = mod A^, a,d = 1 mod A^. 



(2.7) 



Note that with the restriction ( |2.7|) , the elements gi{a, b, c, d) generate the congruence 
subgroup ri(A^) of SL{2,'Z) which is the reason for choosing the name Gi{N) for the 
subgroup of Sp{2, Z) in this case. From the definition of Gi{N) it follows that if 



A B 
C D 



eGi(iV), 



(2.8) 



then 



C = mod A^, det A = 1 mod A^, det D = 1 mod A^ . (2.9) 

One can similarly define Gq{N) corresponding to ro(A^) by relaxing the condition a,d = 
1 mod N in (^. 

We are interested in a modular form $fe(fi) which transforms as 



<^>k[{AQ + B){GQ + D)-^] = {det {GQ + D)}''<l>k{n), 



(2.10) 
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A B 

for matrices ( ^ ^-i ) belonging to Gi(A^). We will actually construct modular forms of 



C D 

the bigger group Go{N). Such a modular form is called a Siegel modular form of level 
and weight k. From the definition ( p.lOp it is clear that a product of two Siegel modular 
forms and gives a Siegel modular form $^^4.^2. The space of modular forms 
is therefore a ring, graded by the integer k. The graded ring of Siegel Modular forms 
for = 1,2,3,4 is determined in a number of papers in the mathematics literature 
24| , |25| , p^ , ^ p8| . The special cases of our interest for the pairs (A^, k) listed in the 



introduction were constructed explicitly in |17 



In the theory of Siegel modular forms, the weak Jacobi forms of genus one play a 
fundamental role. A weak Jacobi form 0fc,m(T, 2;) of ro(A^) transforms under modular 

transformation ( ^ J G ro(A^) as 



c (i^ 

,aT + b z . . ^2Tiimcz^^ , r \ 

— 1, — 1 = cr + rff exp —-](t)k,m{r,z). 2.11 

CT + a CT + a CT + a 

and under lattice shifts as 

(f)k,m{T,z + Xt + n) = exp[-2m'm{X^T + 2Xz)](j)k,m{r,z) , X, n e Z . (2.12) 
Furthermore, it has a Fourier expansion 

0fc,m(r,z)= Yl c(4nm-r^)gV- (2.13) 

n>0,reZ 

The significance of weak Jacobi forms in this context stems from the fact that, with the 
transformation properties ( p.ll| ) and ( p.l2|) , the combination 4'k,m{p,i^) ■ exp{2'irima) 



transforms with weight k under the group elements gi{a,b, c, d) and gs{X, fi) in ( p. 61) . 
Then, with some additional ingredients using the property (|2.13| ), one can also ensure 



the required transformation properties under g2 to obtain a Siegel modular form. 

There are two methods for constructing a Siegel modular form starting with a weak 
Jacobi form which we summarize below. 

• Additive Lift 

This procedure generalizes the MaaB-Saito-Kurokawa lift explained in detail for 
example in |2^. We refer to it as the 'additive' lift because it naturally gives the 



sum representation of the modular form in terms of its Fourier expansion. The 
starting 'seed' for the additive lift is in general a weak Jacobi form 4>k,i{p, t^) of 
weight k and index 1. Let us denote the operation of additive lift by the symbol 
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A[.]. If a given weak Jacobi form (f)k,i results in a Siegel modular form $fc after 
the additive lift, then we can write 



=^[0m(p,^)]- (2.14) 

In the cases of our interest for the pairs {N, k) above, this procedure was used in 



]T7| to obtain the modular forms listed there. The seed in these cases can be 



expressed in terms of the unique cusp forms fk{p) of ri(A^) of weight (fc + 2), 

fkip)=v'^W^'iNp), (2.15) 

where rjlp) is the Dedekind eta function. The seed for the additive lift is then 
given by 

Mp,i^) = fk{p)^-^^, (2.16) 
where 9i (p, u) is the usual Jacobi theta function. 

• Multiplicative Lift 

This procedure is in a sense a logarithmic version of the MaaB-Saito-Kurokawa lift. 
We call it 'multiplicative' because it naturally results in the Borcherds product 
representation of the modular form. The starting 'seed' for this lift is a weak 
Jacobi form 0q ^ of weight zero and index one and the superscript k is added to 
denote the fact after multiplicative lift it gives a weight k form $fc . Let us denote 
the operation of multiplicative lift by the symbol If a given weak Jacobi 

form 0Q ^ results in a Siegel modular form $fc after the multiplicative lift, then we 
can write 

^,{n)=M[<j>',^,{p,u)]. (2.17) 

Given the specific Siegel modular forms $fc(^^) obtained by additively lifting the 
seeds (pk,! in ( P.16|) for the pairs (A^, k) = (1, 10), (2, 6), (3, 4), (7, 1) as in |jT^, we would 



like to know if the same Siegel forms can be obtained as multiplicative lifts of some weak 
Jacobi forms 0q i- Such a relation between the additive and the multiplicative lift is very 
interesting mathematically for if it exists, it gives a Borcherds product representation 
of a given modular form. However, to our knowledge, at present there are no general 
theorems relating the two. Fortunately, as we describe next, in the examples of interest 
to us, it seems possible to determine the seed for the multiplicative lift from the seed 
for the additive lift quite easily and explicitly. Finding such a multiplicative seed to 
start with is a nontrivial step and is not guaranteed to work in general. But if one 
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succeeds in finding the multiplicative seed (piQ given a obtained from the additive 
seeds in ( |2.16| ) then one can write 



M^) = AMp) = -M[<i(p, ^)]. (2.18) 

3. Multiplicative Lift 

We now outline the general procedure for constructing modular forms $fc(f^) as a 
Borcherds product |^ by a multiplicative lift following closely the treatment in ||2^, 



27, 28 



For the special pair (1, 10), which results in the Igusa cusp form $io, the product 



representation was obtained by Gritsenko and Nikulin The starting seed for 

this lift is a weak Jacobi form ^q^^ of weight zero and index one 



ao 



where ^j(p, v) are the usual Jacobi theta functions. We therefore have in this case the 
desired result 

= A{M = M{4>Z)- (3.2) 

This weak Jacobi form happens to also equal the elliptic genus of K3. As a result, 
the multiplicative lift is closely related to the elliptic genus of the symmetric product 
of K3 which counts the bound states of the D1-D5-P system in five dimensions. 
This coincidence, which at first sight is purely accidental, turns out to have a deeper 
significance based on the 4d-5d lift p2| . 

We would now like find a similar product representation for the remaining pairs of 
{N, k) using the multiplicative lift so that we can then try to find a similar physical 
interpretation using 4d-5d lift. We first describe the general procedure of the multi- 
plicative lift for the group Go{N) and then specialize to the illustrative case (2, 6) of 
our interest, to obtain the product representation of $6 using these methods. 

As we have defined in §^ the group Gq{N) consists of matrices with integer entries 
of the block-diagonal form 

{f.l e Sp{2,Z)} (3.3) 



which contains the subgroup ro(A^). A basic ingredient in the construction of Siegel 
modular forms is the Hecke operator Tt of ro(A^) where t is an integer. The main 
property of our interest is that acting on a weak Jacobi form 0A:,m of weight k and 
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index m, the Hecke operator Tt generates a weak Jacobi form 0A;,mt = Tt{(l)k,m) of 
weight k and index mt. Thus, on a modular form (f)k,i, the Hecke operator Tj acts hke 
a raising operator that raises the index by {t — 1) units. One subtlety that needs to be 
taken into account in the case of ro(A^) that does not arise for SL{2, Z) is the fact that 
ro(A^) has multiple cusps in its fundamental domain whereas SL{2,7j) has a unique 
cusp at ioo. As a result, the Hecke operators that appear in the construction in this 
case are a little more involved as we review in Appendix |^. 

Let us now explain the basic idea behind the lift. Given a seed weak Jacobi form 
4>Qi{p, for the multiplicative lift, we define 

oo 

{Lct)l,){p,v,a) = 5^Ti(0S^i)(p,i.)exp(27rzat). (3.4) 

Now, Tt{(l)Qi) is a weak Jacobi form of weight and index t. It then follows as ex- 
plained in with the transformation properties ( p.ll|) and (|2.12|) , the combination 



Tt(0Q^)(p, z/)-exp(27rit(T) is invariant under the group elements gi{a, b, c, d) and (73 (A, /i) 
in (|2.6| ). Thus, each term in the sum in ( |3.4|) and therefor L0 is also invariant under 
these two elements. 

If L(j) were invariant also under the exchange of p and q then it would be invariant 
under the element g2 defined in ( p.6|) and one would obtain a Siegel modular form of 
weight zero. This is almost true. To see this, we note that exp(L0Q^) can be written 
as an infinite product using the explicit representation of Hecke operators given in 
Appendix (^: 

n (1 - (gVp'")''^''^''^'''^''^^"'''"^'^ (3.5) 



where q = exp(27rzp), y = exp(27riz/), p = exp(27ricr) ( |A.15| ). In the product presenta- 



tion ( p.5| ), the coefficients Csj{4:mn — /^) are manifestly invariant under the exchange 
of m and n. The product, however, is not quite symmetric because the range of the 
products in ( ^.51 ) is not quite symmetric: m is strictly positive whereas n can be zero. 
This asymmetry can be remedied by multiplying the product (|3.5| ) by an appropriate 



function as in [^, |2^ . The required function can essentially be determined by inspec- 
tion to render the final product symmetric in p and q. Following this procedure one 
then obtains a Siegel modular form as the multiplicative lift of the weak Jacobi form 

(n,(,m)>0 

for some integer b and positive integers a, c. Here the notation (n, /, m) > means that 
if (i) m > 0, n, / G Z, or (ii) m = 0, n > 0, / G Z, or (iii) m = n = 0, / < 0. 
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It is useful to write the final answer for as follows 



= p^i7(p,z/)exp[L4i(p,z/,a)], (3.7) 
H{p, u) = q^y^ n n ~ (gV)"1(l - (g"y')"-)"-"''*=^».'(-'') (3.8) 

s l,n>l 
oo oo 



X 

n=l /<0 



in terms of the separate ingredients that go into the construction. This rewriting 
is more suggestive for the physical interpretation, as we discuss in the next section. 
Following Gritsenko [Bl], we refer to the function H{p,i>) as the 'Hodge Anomaly'. 



The construction thus far is general and applies to the construction of modular forms 
of weight k which may or may not be obtainable by an additive lift. In many cases 
however, as in the cases of our interest, it might be be possible to obtain the same 
modular form by using the two different lifts. To see the relation between the two 
lifts in such a situation and to illustrate the significance of the Hodge anomaly for 
our purpose, we next specialize to the case (2,6). We show how to determine the 
multiplicative seed and the Borcherds product given the specific $6 obtained from the 
additive lift. 



4. Multiplicative Lift for $6 

We want to determine the seed 0o i whose multiplicative lift equals $6 constructed from 
the additive lift of ( p^.l6| ). From the p expansion of the additive representation of $6 we 
conclude that the integer c in ( p.6| ) and ( p.7| ) equals one. Then we see from ( |3.7| ) that 
if $6 is to be a weight six Siegel modular form, H{p, v) must be a weak Jacobi form of 
weight six and index one. Such a weak Jacobi form is in fact unique and hence must 
equal the seed 06, i that we used for the additive lift. In summary, the Hodge anomaly 
is given by 

H{p, v) = </)6,i(p, z.) = r^'{p)rj\2p)ej{p, y) (4.1) 

oo 

= qy{l - y-'f 11(1 - q'y{l - q-)\l - q-y)\l - q^y-'f . (4.2) 

n=l 

Comparing this product representation with ( p.8|) , we determine that 



ci(0)=4, ci(-l)=2; C2(0) = 8, C2(-1) = 0; (4.3) 



and moreover Ci(n) = C2{n) = 0, Vn < — 1. This information about the leading 
coefficients Cs{n) obtained from the Hodge anomaly is sufficient to determine completely 
the multiphcative seed 0o^. Let us assume the seed to be a weak Jacobi form^. Now, 
proposition (6.1) in |^ states that the space of weak Jacobi forms of even weight is 
generated as linear combinations of two weak forms 0_2,i and 0o,i which in turn are 
given in terms of elementary theta functions by 

^-..(P.-)-^ (4.4) 

tip) 

- + + -JJp^^ (4-5) 

The coefficients for this linear combination can take values in the ring A{r{N)) of 
holomorphic modular forms of r(A^). Basically, the coefficients have to be chosen so as 
to get the correct weight. For our case, with N = 2, the relevant holomorphic modular 
form, is the one of weight two 

a{p)=et{2p)+e',{2p). (4.6) 



By virtue of the above-mentioned proposition, and using the definitions in (|4.4| ) and 
(|4.6|) , we can then write our desired seed as the linear combination 

(Pl^ip, v) = Aa(p)0_2,i(p, ^) + B(f)o,i{p, ly), (4.7) 

where A and B are constants. To determine the constants we investigate the behavior 
near the cusps. For ro(2), there are only two cusps, one at ioo and the other at in the 
fundamental domain which we label by s = 1,2 respectively. Then the various relevant 
quantities required in the final expression (|3.6| ) are given in our case by 



9i=[l[] h, = l, z, = 0, n, = l (4.8) 
92= (^~^] h = 2, Z2 = l, n2 = 2. (4.9) 



.1 

The q expansion for 0_2,i and 0o,i at the cusp g = is given by 

0-2,1 = {-2 + y + y-') + g(-12 + 8y + 8y-' - 2y^ - 2y-^) + (4.10) 



•^Strictly, it is enough that it is a 'very weak' Jacobi form as defined in psf but from the physical 
interpretation that we give in the next section, we expect and hence assume it to be a weak Jacobi 
form to find a consistent solution. 
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0o,i = (lO + 2/ + i/-i)+ .... (4.11) 
The Fourier expansion of a{p) at the cusps ioo and is given by, 

a{p) = 1 + 24g + 24g2 + . . . (4.12) 

near infinity and by 

p-M-yp) = -^«(^) (4.13) 

= -^ + ... (4.14) 

near zero. Demanding that the leading terms in the Fourier expansion of the hnear 
combination ( |4.7| ) match with those given by ( [4.3| ) determines the coefficients A = 
4/3 and B = 2/3 in ( [4.7| ). The constraints are actually over-determined so the fact 



that a solution exists at all gives a check of the procedure. Our final answer for the 
multiplicative lift is then 

4 2 

0o,i(P' ^) = 3«(p)</'-2,i(P. + 30o,i(p, i^)- (4.15) 

With this determination we can simply apply the formalism in the previous section to 
determine ^ 

$6(^^) = M[-aip)(l).2,iip, i^) + 30o,i(P, ^)] (4.16) 



by using the formula 

5. Physical Interpretation of the Multiplicative Lift 

Both exp(— L0) and the inverse of the Hodge anomaly if^^(p, z/) that appear in the 
multiplicative lift in (^ have a natural physical interpretation using the 4d-5d lift, 
which we discuss in this section and also in terms of M-theory lift of string webs which 
we discuss in the next section. 

Let us recall the basic idea behind the 4d-5d lift [^]. Consider Type-IIA compact- 
ified on a five-dimensional space M5 to five dimensions. Given a BPS black hole in 
Type-IIA string theory in five dimensions, we can obtain a black hole in four dimen- 
sions as follows. A five- dimensional black hole situated in an asymptotically fiat space 
can be embedded into an asymptotically Taub-NUT geometry of unit charge. Intu- 
itively, this is possible because near the origin, the Taub-NUT geometry reduces to M"^, 
so when the Taub-NUT radius is much larger than the black hole radius, the black hole 
does not see the difference between and Taub-NUT. Asymptotically, however, the 
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Taub-NUT geometry is x Sj„. We can dimensionally reduce on the Taub-NUT cir- 
cle to obtain a four-dimensional compactification. Now, Type-lIA is dual to M-theory 
compactified on the M-theory circle S;'„ so we can regard four- dimensional theory as 
an M-theory compactification on M5 x SJn x S^. Now flipping the two circles, we can 
choose to regard the Taub-NUT circle SJn as the new M-theory circle. This in turn is 
dual to a Type-IIA theory but in a different duality frame than the original one. In 
this duality frame, the Taub-NUT space is just the Kaluza-Klein 6-brane of M-theory 
dual to the D6-brane. Thus the Taub-NUT charge of the original Type-IIA frame is 
interpreted in as the D6 brane charge in the new Type-IIA frame and we obtain a 
BPS state in four dimensions with a D6-brane charge. Since we can go between the 
two descriptions by smoothly varying various moduli such as the Taub-NUT radius 
and choosing appropriate duality frames, the spectrum of BPS states is not expected 
to change. In this way, we relate the spectrum of four-dimensional BPS states with 
D6-brane charge to five- dimensional BPS states in Type-IIA. 

With this physical picture in mind, we now interpret the term exp{—L(j)) in ( p.7| ) 
as counting the degeneracies of the five dimensional BPS states that correspond to the 
four- dimensional BPS states after the 4d-5d lift. For example, in the familiar case (1, 10) 
of toroidally compactified heterotic string, the dual Type-II theory is compactified on 
K3 X S"*^ X S"*^. In the notation of the previous paragraph, we then have M5 = K3 x S"*^. 
The five-dimensional BPS state is described by the D1-D5-P system. Its degeneracies 
are counted by the elliptic genus of the symmetric product of K3. In this case, indeed 
exp(— L0) above gives nothing but the symmetric product elliptic genus evaluated in 

In our case (2,6), D-brane configuration in five dimensions corresponding to our 
dyonic state in four dimensions is obtained simply by implementing the CHL orbifolding 
action in the open string sector on the D1-D5-P system in five dimensions. The term 
exp(— L0) in ( p.7|) then has a natural interpretation as a symmetric product elliptic 
genus. Because of the shift in the orbifolding action, the resulting orbifold is a little 
unusual and the elliptic genus is weak Jacobi form not of SL{2,Z) but of ro(2). The 
details of the orbifold interpretation will be presented in p3[| . 

The Hodge anomaly plays a special role in the 4d-5d lift. It is naturally interpreted 
as the contribution of the bound states of momentum and the single Taub-NUT 5- 
brane in the Type-IIB description. A KK5-brane of IIB wrapping K3 x carrying 
momentum along the S"*" is T-dual to an NS5-brane of IIA wrapping K3 x S"*" carrying 
momentum which in turn is dual to the heterotic fundamental string wrapping the 
circle with momentum.'^. These can be counted in perturbation theory [^, [1^, |12 



*In 0, the Hodge anomaly for the (1, 10) example is interpreted as a single 5-brane contribution. 
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in both cases (1, 10) and (2, 6). The y{l — y ^) term in the Hodge anomaly in (|4.2|) is 
more subtle and would require a more detailed analysis. 

6. M-theory lift of String Webs 

The appearance in the dyon counting formulae of objects related to a genus two Rie- 
mann surface such as the period matrix and the Go{N) subgroups of Sp{2, Z) is quite 
surprising and demands a deeper physical explanation. We now offer such an explana- 
tion combining earlier work of |^ and |^ in the toroidal (1, 10) case and generalizing 
it to CHL orbifolds. 

To start with, let us reinterpret the Hodge anomaly following Kawai |3^. It can 
be written as 

H{p, v) = vWi^pf-^^ = Z{p)K\p, u), (6.1) 

tip) 

where Z{p) = 7f{p)rf{2p) is the one-loop partition function of the left-moving chiral 
24-dimensional bosonic string with the Z2 twist a of the CHL orbifold action, and 
K{p, t) is the prime form on the torus. Let us also expand 



exp{-Lc^l,{p,u)) = Y,p''xN (6.2) 

We can then write from 



7V=0 



^ ^ exp(-L0^,(p,z/)) (6.3) 



00 _ 

^pK{p,uyZ{p)^--- ^^-^^ 

In (|6.5|) above, we can identify K~^{p, v) as the on-shell (chiral) tachyon propagator, 
and Z{p) as the one- loop left-moving partition function. If we denote by X the bosonic 
spacetime coordinate, then we have 

< e''=-^(z/)e~'^-^(0) >= K-^{p, z/), (6.6) 



This, however, is not dual to the heterotic Fl-P system and would not give the desired form of 
the Hodge anomaly. For the purposes of 4d-5d lift, it is essential to introduce Taub-NUT geometry 
which appears like KK5-brane in IIB. In the 5d elliptic genus the bound states of this KK5-brane 
and momentum are not accounted for. Therefore, the Hodge anomaly is naturally identified as this 
additional contribution that must be taken into account. 
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/ 



7 




Figure 1: A dyon can be represented as a string web on a torus which in M-theory looks hke 
a genus two Riemann surface. Factorization of the product representation of reveals 
this Riemann surface. 

where k is the momentum of an on-shell tachyon and the correlator is evaluated on a 
genus one Riemann surface with complex structure p. This is exactly the first term in 
the factorized expansion in Fig.(0). The subleading terms at higher N denoted by . . . 
in ( |6.5|) come from contributions of string states at higher mass- level — 1. Summing 
over all states gives the genus two partition function. 

This reinterpretation of l/$6 as the two- loop partition function of the chiral bosonic 
string explains at a mathematical level the appearance of genus two Riemann surface 
generalizing the results of Kawai to the (2, 6) case. Note that the partition function 
Z{p) will be different in the two cases. In the (1, 10) case it equals Ti~'^'^{p) and in the 
(2, 6) case it equals rj^^{p)rj^^{2p). This precisely captures the effect of CHL orbifolding 
on the chiral left moving bosons of the heterotic string. To describe the N = 2 orbifold 
action let us consider the x heterotic string. The orbifold twist a then simply 
flips the two Eg factors. We can compute the partition function with a twist in the 
time direction Tr^aq^) where H is the left-moving bosonic Hamiltonian. Then, the 
eight light-cone bosons will contribute r]~^{p) as usual to the trace, but the sixteen 
bosons of the internal E^ x E^ torus will contribute 7]~^{2p) instead of ri~^^{2p). The 
power changes from —16 to —8 because eight bosons of the first Eg factor are mapped 
by a to the eight bosons of the second Eg. Thus only those states that have equal 
number of oscillators from the two Eg factors contribute to the trace, thereby reducing 
effectively the number of oscillators to 8. The argument on the other hand is doubled 
to 2p because when equal number of oscillators from the two factors are present, the 
worldsheet energy is effectively doubled. The tachyon propagator in the two cases is 
unchanged because only light-cone bosons appear on shell which are not affected by 
the orbifolding. 

This mathematical rewriting does not explain at a fundamental level why the chi- 
ral bosonic string has anything to do with dyon counting. This connection can be 
completed using with the heuristic picture suggested in [Q. 

Under string-string duality, the SL{2, Z) S-duality group of the heterotic string gets 
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mapped to the geometric SL{2, Z) of the Type-IIB string |39|. Thus, electric states 
correspond to branes wrapping the a cycle of the torus and magnetic states correspond 
to branes wrapping the b cycle of the torus. A general dyon with electric and magnetic 
charges {ne,nm) of a given U{1) symmetry is then represented as a brane wrapping 
{ne,nm) cycle of the torus. If a state is charged under more than one U{1) fields then 
one gets instead a {p, q) string web with different winding numbers along the a and 
the b cycles. The angles and lengths of the web are fixed by energetic considerations 



for a given charge assignment |41| . For our purpose, we can consider D5 and NS5 
branes wrapping the K3 resulting in two different kinds of (1, 0) and (0, 1) strings. A 
dyon in a particular duality frame then looks like the string web made of these strings 
as in the first diagram Fig.(|l|). In the M-theory lift of this diagram, both D5 and 
NS5 branes correspond to M5 branes so the string in the web arises from M-theory 
brane wrapping K3. To count states, we require a partition function with Euclidean 
time. Adding the circle direction of time we can fatten the string web diagram which 
looks like a particle Feynman diagram into a genus-two Riemann surface representing a 
closed-string Feynman diagram as in the second diagram in Fig.(|I|). Now, K3- wrapped 
M5 brane is nothing but the heterotic string. Furthermore, since we are counting BPS 
states by an elliptic genus, the right-movers are in the ground state and we are left 
with the two-loop partition function of the bosonic string. This partition function is 
what we have constructed by in the third diagram in Fig. ([^) as explained above using 
factorization. 

7. Conclusions 

The exact spectrum of dyons in four dimensions and of spinning black holes in five 
dimensions in CHL compactifications can be determined using a Borcherds product 
representation of level Siegel modular forms of 5'p(2,Z). Various elements in the 
Borcherds product have a natural interpretation from the perspective of 4d-5d lift. The 
Hodge anomaly is identified the contribution of bound states of Type-IIB KK5-brane 
with momentum. The remaining piece is interpreted as arising from the symmetric 
product of the orbifolded D1-D5-P system. The appearance of an underlying chiral 
bosonic string on a genus two Riemann surface in this construction has a natural 
interpretation as the Euclidean worldsheet of the K3 wrapped M5 brane on a string 
web in orbifolded theory. By factorization, this connection with the Siegel modular 
form can be made precise. 

We have seen that a very rich and interesting mathematical structure underlies the 
counting of BPS dyons and black holes. Given the relation of Siegel modular forms to 



Generalized Kac- Moody algebras [pQ, 42, p3, 43 1, their appearance in the counting is 
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perhaps indicative of a larger underlying symmetry of string theory. If so, investigating 
this structure further might prove to be a fruitful avenue towards uncovering the full 
structure of M-theory. 

Note: During the course of writing this paper, a related paper appeared with 



some overlap with our work where the product representation is derived using yet 
another lift called the 'Theta Lift'. 
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A. Hecke Operators and the Multiplicative Lift 

In this section we summarise the construction of Hecke operators and the multiplicative 



lift, following p8[. Let us define A^it) as 



Aiv(t) = {(7= (^^^^^; a,b,c,deZ, det{g) = t}. (A.l) 
The action of the Hecke operator Tt on a weak Jacobi form (f)k,m is then given by 

Tt{(j)k,m){T,z) =1" ^ {CT + d) "expi ^^^^ 

a b\ 

ero(7V)\AjvW 

c d J 

(A.2) 

To compute everything concretely, we need to define representatives of TQ{N)\A]y(t). 
Choose the complete set of cusps {s} of ro(A) represented by the set of representative 
matrices {gs}- Let 

g,eSLi2,Z) = (''' ^ (A.3) 



Define a natural number hg by 



g-'ToiN)g, n P(Z) = {± Q Y ) 5 ^ ^ ^> 
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where -P(Zi) is the set of all upper-triangular matrices over integers with unit determi- 
nant. We can then write 



ro(A^)\AAr(t) = Us{gs { ] ] a,b,d e Z,ad = t, azs = OmodN, 6 = 0, ....h^d- 1}. 



d 



For each cusp we define Ug = r. We define 



(A.4) 



0.(r,;^)=0(^^^,^^), (A.5) 

ZsT + Us ZsT + Us 

with Fourier expansion 

0s(r, z) = Cs{n, I) exp(27ri(?2r + Iz)). (A. 6) 

n,l 

As usual, one can show that Cs{n,l) depends only on An — P and lmod2 so we write 
Cs(n, /) = Cs^/(4n — following the notation in [|28|. In general n G h'^^'L need not be an 
integer. If 4 does not divide hs-, which is true for all cases of our interest, then / mod 2 is 
determined only by 4n— and in that case we can write simply Cs(4?t,— Z^) = Cs^i{An—l'^). 

For ro(A^) with prime, there are only two cusps, one at ioo and the other at in 
the fundamental domain. Hence the index s runs over 1 and 2. For this case, various 
objects with the subscript s defined in the formula for the lift above take the following 
values: 

^?i=(j°) /ii = l, zi = 0, ni = l (A.7) 

" ( 1 ~oO " ^' " ^' " ^ ^^'^^ 
In this case we can then write 

ro(A^)\A^(t) = {(^|J^^ G G'L(2,Z);ad = t,6 = 0,...,rf-l} (A.9) 
^{92\^A e GL{2,Z);ad = t,a = 0modN,b = 0,....,Nd-l}. (A.IO) 
Given a weak Jacobi form of weight and index 1, we can define 

oo 

L<f){p,u,a) = J2Tt{<P){p,iy)exp{2mat). (A.ll) 
t=i 
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Using the explicit representation of the Hecke operators, one can then show [Pq] 

oo ?i.a!— 1 



i^ = EE E E 

S t=l CLd = t b=0 

azs — mod N 



,ap + h 



(A.12) 



(arf) ^dhs Cs^i{And — t^) exp[27ri[anp + alv + ta)) (A. 13) 



oo ^ oo 

/is Cs^i{4:nd — f) exp{27ri{anp + alv + ma)) (A. 14) 



a=l m=l n,lGZ 



n (1 



^ris {np+lv+ma) \Cg i {imn—fl) 



m>l 



(A.15) 



B. Consistency Check 



As a consistency check we compare the coefficients of the leading powers of p, q, y in 
the multiplicative lift with the Fourier expansion of $6 obtained using the additive lift 
P^ . The leading terms, corresponding to a single power of p, in the expansion are 



m 



-pqy 



(B.l) 



Substituting the values of the ci and C2 coefficients and collecting terms with the same 
powers in q and y together, we obtain 

1. . 2 , . , 1 , 4 13 

y 



<i>e{n) = [(2-y--)q+{-A+^)q^+{-16-^^)-^+- + l3y-Ay'-y'')q']p+. . . (B.2) 



yO y 



To compare, we now read off the coefficients from its sum representation derived in 
by the additive lift. The seed for the additive lift is 



'>6,i = v\r)r,\2r)el = C{^n - P)q-y^ 



Ln>0 



The lift is then given by 



with the Fourier expansion 



M^) = Y,Tm[Mp,^)V 



m>l 



^e{Q) = ^ a{n,m,r)q'^p'^y''. 



m>0, 
n>0,rSZ 



(B.3) 



(B.4) 



(B.5) 
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Given the action of the Hecke operators, a{n, m, r) can be read off from this expansion 
knowing C{N) as in ( p.3|) . These are in precise agreement with the same coefficients 
in the expansion of the product representation given above in ( p.2|) . 
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